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W&6. (Solution by the proposer.) From
B C r

r:4R-sin§-sin—-sin——:>—:

2 2 R

:4_\/(p_b)(p—C)(p—c)(p—-a,)(p_a)(p_b)

a?b?c?

—4. P—a)(p=b)(p—-0) 4. (b+c—a)(c+a—b)(b+c—a)

abc Sabc -
LT (b+tc—a)(c+a—b)(b+c—a)
R 2abc
With the help of Ravi substitutions, « =y 4+ 2, b=z + zZ,c=2x+y,
demonstrated inequality becomes:
y+z T+ z T+y 8xyz <9e

- + +
20 +y+2 4a+z 224z +y 2@+y)(y+2) (e +x) —

y+z T+ z z+y dxyz
+ <2
2r+y+2 2yt+z+z 224z+y (z+y) (y+2)(z+2)

Then,

x? v (z +y)° _z+y
+ > =
) @+2) " Gt te) - @rp) @ty iyt
Analogous,
y? 2 y+z
+ >
W+2)y+2)  (z+2)(z+y) ~ 2 ry+2

and

22 x2 z+x
+ >
(zt+a)(z+y) @ty (@+2) = y+atz

. :
Summing up,



Jézsef Wildt Interantional Mathematical Competition 589

2 % 52
2((x+y>(x+z>+ EBIEDN <z+m>(z+y>> -

>
r+y y+z z+x
“r4y+22 2x+yt+z 2ytartz
:>2(x2z+a:2y+y2z+z2x+z2y)> T+ Yy y+tz ztw
=
(:1:+y)(y+z)(z+a:) “r4+y+2z 2x4+yt+z 2ytrtz
Sty () (ete) 2oy | wty ykr a2k
(:1:+y)(y+z)(z+z) “rx4y+22 2x+ytz 2ytart=z
9 dryz S T4y n y+=z z+x

Tty )zt T oty+2e 2otytez ytrtz

y+z T+ z r+y dxyz <9
2 +y+z 2yt+xtz 2z+r+y (z+y)(y+2)(z+z) =

which ends demonstration.

Second solution. Let z :=s—a,y:=s—bzi=85—¢ where s 18
semiperimeter of the triangle. T hen xz,v, z > 0. Assume (due homogeneity of
original inequality) s = 1 and let p 1= zy +yz + zx, q := zyz. Then
rty+z=1la=1-z,b=1-y,c=1-2 .abc =p—q,r = st = [ABC] = /g,

-

abc p—q a 1—z 2 — (14 ) 1
R: — = _— = :2 —
4[ABC| 4\/§’Zb—|—c Zl—}-x Z 1+ Zl+m s
cyc . ecyc cyc cyc

25 (1+y) (1 +2) 2% (2 -z +y2)

T g e 4. 26+ g
(1+2)(1+y)(1+2) (1+z)(1+y)(1+2) 2+p+q

and original inequality becomes

2 (5 4 2(5 4
G+p) 4, 2y G+p) , Y 5
24+p+q P—q 24+p+q p—4q
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= 26+p)(p—q) +492+p+q) <52+p+q(p—q =

= 9% +2¢(p+4)—-3p* <0

Since
3p=3(zy +yz+z2x) < (z+y+2)°=1
and
p? = (a:y+yz+z:c)2 >3zyz(x+y+2)=3q
then
' 2\ 2 2 2
1H(1-3

9¢°+2q (p+4)—3p* <9 (%) +2~% (p+4)—3p? = L UA :)))( P) <y

Arkady Alt

Third solution. After calculations we have

a n b n c +7'<2@
b+¢ c¢c+a a+b R
&Y aR(@+b)(c+a)+r[[@e+bd) <2R][(a+b) &

®R2a3+(r—R)ZaZab+(2R—r)abc§O

With usual notations, we get

a+b+c=2s,abc = aRrs, Z ad = 2s (32 —3r? - 6Rr) ,Zab = a?+r?+4Rr
RZCL3+ (r— R)ZaZab+ 2R—r)abc <0 &

& 2s5R (s — 3r* —6Rr) + 2s(r — R) (s°+r°+4Rr) +4Rrs 2R —7) <0 &

& 28r (52 +7r2 —2Rr —6R2) <0
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Applying Gerretsen’s inequality, we obtain
s* < 4R? + 4Ry + 3r*
R~ Rr—22>0= (R—2r)(R+7r) >0,
that is true.

Nicugor Zlota

W7. (Solution by the proposer.) Note Sy = a, ay = b, a8 = c. For the
first part of inequality:

sina + sin 3 + siny — sina - sin 3 - siny > sin® a + sin® 8 + sin®y <

a+b+ec abe  aP+b+3
& — > :
2R SR3 — SR3

S4R* (a+b+c)—abe> P+ P+ 3 <

3=2p(p*~3r2—6rR
Xab=2p(p -3 —6r )432-2p—4Rrpz2p(p2—3r2—6Rr) N
abc=4Rrp

& 8R? —4Rr > 2p® — 6r° — 12rR < 2p> < 8rR+ 8R%> —4Rr &

& p? <4R? + 4rR + 312,

which represents inequality Gerretsen.

a). Suppose max (a, 3,7) < §. For starters we demonstrate the following
lemma:

Lemma. If M is a point in plan-of triangle ABC, then the inequality

AB-BC-CA< MA?.-BC+ MB?- AC + MC?- BC

Proof. In the complex plane either x, v, z affixes points A, B, C, and M the
landmark XOY. Using equality

Ply—2)+y -2+ (@—y) =@—y)(y—2)(z—2)

we can write

(z—y)(y—2)z—z)|=|2*(y—2) +v* (z —2) + 2* (z — y)| <
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2 2
<lzfly — 2| + [y |2 — | + |2 | — o],
from where

AB-BC -CA< MA?.-BC+ MB?. AC + MC?. BC

Now, let H orthocentre of triangle oS8y (H € Int (ANABC)), and D, E, F the
means sides 37, ay respectively af. According to the Lemma, used for the
triangle DEF and H € (DEF), we have:

DE-EF-FD<HD?.-EF 4+ HE®.DF + HF?. DE (1)

C

Clear EF = §,DFE = 5, DF = g in triangle H v, applying median theorem,
we have

HD? = R? [2 (cos2 B + cos® 'y) — sin? a}

Considering that in a triangle we have identity

0082a+6082ﬁ+cos27 =1—-2cosa-cosf - COS 7,

obtain that
HD? = R? [sin2a —4cosa-cosf3- C()S’)/]

Substituting in (1) and analogous, we get:

b b
% < R? [singoz —4cosa-cosf- cos*y]-gnLRQ [singﬁ —4cosa-cospf - cos*y}i-k

. v C . . .
+R? [811127 —4cosa-cosf- cosﬂ '3 = R? sinasin A siny <

<R3 (sin3a + sin® B+ sin®y — 4cosa - cos B - cosy (sina + sin B + sin’y)) ,

from where

sin® a+sin® B+sin® v > sin asin 3 sin y+4 cos a-cos B-cos 7y (sin a + sin 5 + sin v)

b). If max (e, 3,7) > %, then cosa - cos - cosy < 0. Thus
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. . . 3 . . . . . .
sm3a+sm35—!—sm3'y > 3\/81113a-31n35-sm3’y = Jsinasin Ssiny >

> sinasin fsiny +4cosa - cos B - cosy - (sina + sin 3 + sin~y)

Second solution. Let a,b, ¢ be sidelengths of the triangle and R,r;s be
circumradius, inradius and semiperimeter, respectively. Then

ZsinA— HsinA >

cyce cyce
> Zsin3A > HsinA +4HcosA . ZsinA <= 8R?
cyc cyc cyc cyc

8R3ZsinA—8R3HsinA >

cyce cyc
> 8R3 anf‘A > 8R3 HsinA + 4HcosA : 83323111,4 —
cyce cyc cye cyc

8R?%s — abc >ad 4+ b3+ 8 > abc + 32R28HCOSA <=

cyc

§2 — (2R +1)?

8R%s — abe >a® 4+ 0%+ A > abe + 32R?s - 1Rz

8RS — abe > a + 8+ ¢ > abe+ 85 (2 — (2R + 1)) =

8R?s — 4Rrs > 2s (82 — 6Rr — 3r2) > 4Rrs + 8s (52 - 2R+ r)2) —

AR% — 2Rr > s2 — 6Rr — 312 > 2Rr + 4 (82 - (2R + 7“)2) (1)

L 4R? —2Rr > s — 6Rr — 3r2 <= s> < 4R + 4Rr + 32 (Geretsen’s
Inequality).

IL 52 — 6Rr — 3r2 > 2Rr + 4 (32 — (2R + 7“)2> = 352 < 16R2 + 8Rr + 12,
Since 5* < 4R? 4+ 4Rr + 3r? and R > 2r (Euler’s Inequality) then

16R? + 10Rr + 1% — 352 =
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16R +8Rr + r° — 3 (4R + 4Rr + 3r2) 1 3 (4R? +4Rr +3r2 — &%) =

4(R—=2r)(R+7)+3(4R* + 4Rr + 3r° — 5%) > 0.

Arkady Alt
Third solution. With usual notations, we have
1).
b b S48 .
afote abe  atbtc © 4R — 4Rrs > 25 (s> — 3% — 6Rr) &

2R 8R3 — 8R3

© 25 (4R° —2Rr — s + 3r2 4+ 6Rr) > 0= s> < AR + 32 + 4Ry

which is Gerretsen’s inequality

2.

a® + b3 4 ¢ < abc_Jr s°— (2R+7)? a+b+c

4 25 (—3s® + 16R? + 8Rr 4 72} >
SR3  ~ 33 AR? og @25 (=35 £ 161 + 8Rr 1) 2

Applying inequality Gerretsen, obtain

R —Rr—2r?>0= (R=2r)(R+7r) >0,
that is true.
Nicusor Zlota

WS8. (Solution by the proposer.) If f (z) =0, Vz € [0, 1], the conclusion
is clear. Suppose there z( € (0,1] such that

1
J(x0) #0= [ f(z)dz >0
/

1
S g(z)dx

We note t = ¢ dx > 0. Then
Off(a:)da:




